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Abstract
In this paper we investigate the connectedness properties of graphs of functions from the real line
R to itself. We show, among other things, that (i) a totally disconnected graph of a function from R
to R need not be zero-dimensional, (ii) the graph of every injection from R to R is zero-dimensional
provided that it does not contain arcs. As a corollary of the second result we obtain an easy proof of
the well-known fact that every two-point set is zero-dimensional. We conclude the paper by showing
that there is a two-point set which is not homeomorphic to the graph of a function from R to R.
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1. Introduction
A space X is called:
(i) hereditarily (pathwise) disconnected if it does not contain any (pathwise) connected
subsets of cardinality greater than one;
(ii) totally disconnected if any two distinct points of X can be separated by a clopen
set;
(iii) zero-dimensional if it is a T1-space and has a base consisting of clopen subsets.
Observe that a Hausdorff space X is hereditarily pathwise disconnected if and only if it
does not contain arcs (i.e., there are no continuous injections ψ : [0,1]→X).
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There are classical examples of connected subspaces of the Euclidean plane R2 which
are hereditarily pathwise disconnected (e.g., the Knaster–Kuratowski fan F ). Moreover
it is also well known that a hereditarily disconnected subspace of R2 need not be zero-
dimensional (e.g., the subspace F \ {( 12 , 12 )} of F ). In this paper we will study such
properties for the subspaces of R2 which are graphs of functions from R to R.
We refer the reader to [3] for notation and terminology not explicitly given.
2. Graphs of functions
It is well known that there are functions from R to R whose graph is connected and
hereditarily pathwise disconnected. For example, Jones [5] showed that there is such a
function satisfying f (x + y)= f (x)+ f (y). See also [7] for a general discussion of this
topic. Our first result will allow us to give an easy, concrete, example of such a function.
Lemma. Let f :R→R be a continuous function on R \ S, where S is a countably infinite
subset of R. If
(
x,f (x)
) ∈ {(y,f (y)): y > x}∩ {(y,f (y)): y < x}
for every x ∈R, then the graph G(f ) of f is connected.
Proof. Let us suppose that G(f ) is disconnected. Then there are two non-empty disjoint
closed subsets C and D of G(f ) such that G(f ) = C ∪ D. Let p1 :R2 → R be the
projection of the plane R2 onto the x-axis. Set A = p1(C) and B = p1(D), clearly
R = A ∪ B and FrA = FrB = ∅. Since f is continuous on R \ S, it is straightforward
to show that A \ S ⊂ IntA and B \ S ⊂ IntB .
Set
H = {t ∈R: ∀ε > 0, ]t, t + ε[ ∩A = ∅∧ ]t, t + ε[ ∩B = ∅}
and
K = {t ∈R: ∀ε > 0, ]t − ε, t[ ∩A = ∅∧ ]t − ε, t[ ∩B = ∅}.
It is clear that H ∪K ⊂ FrA⊂ S.
Claim 1. H ∪K = FrA.
Proof of Claim 1. Suppose that there is some t ∈ FrA \ (H ∪ K). Then there is some
ε > 0 such that ]t, t + ε[ is contained in A or in B (and also ]t − ε, t[ is contained in A
or in B). Without loss of generality, we may assume that t ∈ A and hence (t, f (t)) ∈ C.
So we have that ]t − ε, t[⊂ B or ]t, t + ε[⊂ B . Since C is clopen in G(f ), there is some
δ ∈ ]0, ε[ such that ([t − δ, t + δ] × [f (t)− δ, f (t)+ δ]) ∩D = ∅. Now it is easy to see
that (t, f (t)) /∈ {(x, f (x)): x < t} or (t, f (t)) /∈ {(x, f (x)): x > t}, a contradiction. ✷
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Therefore H or K is non-empty; let us say that H = ∅.
Claim 2. For every h ∈H and for every r > h there is some k ∈K ∩ ]h, r[ .
Proof of Claim 2. Let h ∈H and r > h. Take a maximal open interval ]k, s[⊂ ]h, r[ such
that ]k, s[⊂A or ]k, s[⊂ B . We claim that k ∈K . Suppose not; then there is some z < k
such that ]z, k[⊂ A or ]z, k[⊂ B . Since ]z, s[ can be contained neither in A nor in B , it
follows that (k, f (k)) /∈ {(x, f (x)): x < k} ∩ {(x, f (x)): x > k}, a contradiction. ✷
Observe that, by symmetry, for every k ∈ K and for every r > k there is some h ∈
H∩]k, r[ . It follows that H and K are dense-in-themselves. Thus their closures, and so
also FrA, have cardinality continuum. But FrA ⊂ S, contradiction. Therefore G(f ) is
connected. ✷
Example 1. A function f :R→ R such that its graph G(f ) is connected and does not
contain arcs.
Construction. Let {qn}n be an enumeration of the rationals and for every n set
fn(x)=
{ 1
2n sin
1
x−qn , if x = qn,
0, if x = qn.
Let f =∑n fn. Clearly f is continuous at a point x if and only if x ∈R \Q.
Claim (i). G(f ) does not contain arcs.
Let us suppose that there is a continuous injection ψ : [0,1] →G(f ). Let g = p1 ◦ ψ .
Then g is a homeomorphism of [0,1] onto its range [a, b]. Let h be the restriction of f to
[a, b]. Since h= p2 ◦ψ ◦ g−1 (where p2 is the projection of the plane R2 onto the y-axis),
it follows that h is continuous, a contradiction.
Claim (ii). G(f ) is connected.
To show this it is enough to check, by the above lemma, that for every r ∈R,(
r, f (r)
) ∈ {(y,f (y)): y < x}∩ {(y,f (y)): y > x}. (∗)
If r ∈R \Q, then (∗) holds by the continuity of f at r .
If r = qi ∈Q, take two sequences {xn}n, {yn}n such that limn xn = limn yn = r , xn < yn,
r ∈]xn, yn[ and fi(xn)= fi(yn)= 0 for every n.
Since limn f (xn)= limn f (yn)= f (r) (f = (∑j =i fj )+fi and∑j =i fj is continuous
at r), it easily follows that (∗) holds. ✷
Remark. The above example is similar to an example in [4]. It is not exactly mentioned
there that the function has a connected graph, but it is shown that it is a derivative, and it is
known that derivatives have connected graphs (see, e.g., the discussion of Darboux Baire
Class 1 functions in [2]).
Proposition. Let f be a function from R to R. If G(f ) is hereditarily disconnected, then
it is totally disconnected.
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Proof. Take p = (a, f (a)), q = (b, f (b)) ∈G(f ) such that a < b. We will show that there
is a clopen set D of G(f ) such that D ∩ {p,q} = {p}. Set H = {(x, f (x)): a  x  b}.
Since H is disconnected, there are two disjoint non-empty open subsets A and B of H such
that H = A ∪B . We may assume that p ∈A. Pick a point r = (c, f (c)) ∈ B and set K =
{(x, f (x)) ∈ H : x  c} and M = {(x, f (x)): x  a}. Clearly the set D = (A ∩K) ∪M
has the required properties. ✷
Example 2. A function f :R→ R whose graph is a totally disconnected space which is
not zero-dimensional.
Construction. Let {qn: n ∈ ω} be an enumeration of the rationalsQ such that g0 = 0, and
let C be the set of all open subsets of the Euclidean plane contained in B((0,0), 12 ). For
every C ∈ C and n ∈ ω choose xC, yC, xn,C, yn,C ∈R in such a way that
(1) (xn,C, yn,C) converges to (xC, yC);
(2) (xn,C, yn,C) ∈C if n is even;
(3) (xn,C, yn,C) /∈ clR2(C) if n is odd;
(4) xn,C, xC /∈Q;
(5) All points xn,C and xC , for n ∈ ω and C ∈ C , are distinct.
Let f :R→ R be the function defined f (xn,c) = yn,C , f (xC) = yC , f (qn) = n and
f (x)= 0 for every x ∈R \ (Q∪ {xn,C, xC : n ∈w, C ∈ C}).
Clearly G(f ) is hereditarily disconnected so, by the above proposition, it is totally
disconnected.
Now let us show that G(f ) is not zero-dimensional. Suppose it were, and take a clopen
subset K of G(f ) such that (0,0) ∈K ⊂ B((0,0), 12 ). Let C ∈ C such that C ∩G(f )=K .
By (1)–(3) it follows that (xC, yC) ∈ FrG(f ) K = ∅, a contradiction. ✷
The situation changes completely if we consider graphs of injections from R to R.
In fact, such graphs are zero-dimensional provided that they are hereditarily pathwise
disconnected.
Theorem. Let f :R→ R be an injection. If the graph G(f ) of f does not contain arcs,
then G(f ) is zero-dimensional.
Proof. To show that G(f ) is zero-dimensional we will prove that every point of G(f ) has
a neighbourhood base consisting of clopen sets.
Fix a point in G(f ); we may assume that it is the origin O = (0,0) of the plane. Let
ε > 0 and set S = [−ε, ε] × [−ε, ε].
Observing that there are no points of G(f ) on the axes, it is enough to show that in every
quadrant we may choose a point P = (x, y) ∈ S \ {O} such that xy = 0 and the segments
P1P and P2P are disjoint from G(f ), where P1 = (x,0) and P2 = (0, y). In such a case
the intersection with G(f ) of the union of the four closed rectangles OP1PP2 constructed
in each quadrant is a clopen neighbourhood of O in G(f ) which is contained in S.
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Since all the cases are similar, we will show that we can choose such a point P just in
the first quadrant Z = {(x, y): x  0, y  0}. If G(f )∩ S ∩Z = {O}, then we can take as
the point P any point different from O which is in Z ∩ S.
Now let us consider the case in which (G(f ) ∩ S ∩ Z) \ {O} = ∅. We claim that there
exists a point Q= (a, b)∈ (G(f )∩S ∩Z) \ {O} such that one of the following conditions
holds:
(i) There is a point L= (α,β) ∈G(f ) such that 0 < α < a and, β > b or β < 0.
(ii) There is a point L= (α,β) ∈G(f ) such that 0 < β < b and, α > a or α < 0.
Suppose not, and take (r1, r2) ∈ (G(f )∩S ∩Z) \ {O}. Then the restriction g : [0, r1]→
[0, r2] of f is strictly increasing (because (i) does not hold) and onto (because (ii) does
not hold). Therefore g is continuous, so G(f ) has non-trivial path-connected subsets, a
contradiction.
To complete the proof it is enough to take P = (α, b) if (i) holds, and P = (a,β),
otherwise. ✷
We recall that a subset of the Euclidean plane R2 is called two-point set if meets every
line in exactly two points (see [1,8,9]). As an application of the above theorem we give
a simple proof of the following result due to Kulesza [6]: every two-point set is zero-
dimensional.
Corollary. Every two-point set is zero-dimensional.
Proof. Let X be a two-point set and assume that R2 is contained in the projective plane
P2. Choose two distinct points A,B ∈ X and let φ :P2 → P2 be a projectivity such that
φ(A)= (1,0,0) and φ(B)= (0,1,0). Let Y be the subspace (φ(X \ {A,B}) of R2.
Now let a ∈R. The line x = a in R2 is the image by φ of l \ {A}, where l is a line in P2
through A, hence it contains one and only one point (a, f (a)) ∈ Y . Clearly Y is the graph
of the map f :R→ R. Observe that f is a bijection, in fact each line y = b in R2 is the
image by φ of l \ {B} where l is a line in P2 through B , so it contains one and only one
point of Y .
Now let us show that X does not contain arcs. Suppose not, and take an arc ϕ : [0,1]→
R2 such that ϕ([0,1]) ⊂ X. We may assume that C = ϕ(0) and D = ϕ(1) lie onto the
x-axis. Let p1,p2 be the projections of R2 onto the x-axis and the y-axis, respectively.
Since X is a two-point set, ϕ([0,1]) meets the x-axis in C and D only. So we may
assume that there is some m > 0 such that p2(ϕ([0,1])) = [0,m]. Let t be the unique
point of [0,1] such that p2(ϕ(t)) = m and set P = ϕ(t) (if there were two points t1 and
t2 such that p2(ϕ(t1)) = p2(ϕ(t2)) = m, then it would exist a line meeting X in at least
three points). Let P ′ be the other point of X which belongs to the line y =m. We may also
assume that p1(C) < p1(D) and p1(P ′) < p1(P ).
The line through P ′ and D divides the plane in such a way that C and P do not belong
to the same half-plane. Since X is a two-point set, it follows that there is a separation of
the arc ϕ|[0, t], a contradiction.
Therefore X does not contain arcs. Now, by the above theorem, Y is zero-dimensional.
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Since X is a Hausdorff space and A, B are arbitrary points of X, it follows easily that X
is zero-dimensional. ✷
An earlier version of this paper contained the question whether a two-point set must be
homeomorphic to the graph of an injection. The following example shows it need not even
be homeomorphic to the graph of a function.
Example 3. There is a two-point set which is not homeomorphic to the graph of a function
from R to R.
Construction. Let D be a countable dense subset of the plane R2 such that every line
contains at most two points of D; such sets are easy to construct. Then let {hα: α < c} list
all continuous one-to-one functions from D to R2. Also let {lα : α < c} list all lines in the
plane.
The idea of our construction is the following: Our two-point set is obtained by adding
points inductively to D, making sure that at each step of the way no line meets more than
two points of our set so far. At step α, we’ll make sure that lα contains two points of our
set. We will also (and this is the only part that requires significant work) add some (but less
than continuum many) points that will make sure that hα cannot be the restriction to D of
a homeomorphism between our eventual two point set and some function from R to R.
To this end, suppose we are at stage α < c, and that we have expanded D to a set D′
such that |D′|< c and each line meets D′ in at most two points.
Let us see how to “ruin” hα . Clearly, we only need to do something if hα extends
continuously (and, sinceD is dense, uniquely) to a function h′α :D′ →R2 such that h′α(D′)
is a subset of the graph of a function (it is the same to say that every vertical line meets
h′α(D′) in at most one point), so we assume that this is the case. Let L2(D′) be the union
of all lines which meet D′ in two points. Note that every other line meets L2(D′) in less
than c-many points; in particular, the complement of L2(D′) is c-dense in the plane.
Case 1: There exists x ∈ R2 \ L2(D′) such that h′α has no continuous extension to
D′ ∪ {x} such that h′α(D′ ∪ {x}) is a subset of some function. In this case, add such an
x to D′.
Case 2: Not Case 1. Then h′α extends uniquely to a continuoush′′α : (R2\L2(D′))∪D′ →
R2 such that, for each x ∈R2 \L2(D′), h′′α(x) is not on the same vertical line as h′α(d) for
any d ∈D′. For the rest of this argument, we denote h′′α simply by h.
If ran(h) misses some vertical line, then hα will not extend to a homeomorphism of a
two-point set and a function, so we needn’t do anything.
If there are points x, y ∈ R2 \ L2(D′) such that h(x) and h(y) are on the same vertical
line, and the line lxy through x and y misses D′, then add x and y to D′.
It remains to describe what to do when there are no points x , y as above and ran(h) meets
every vertical line. Let L be any vertical line missing h(D′), and fix x ∈ h−1(L). For each
y ∈ h−1(L) \ {x}, the line lxy through x and y must meet D′. Thus h−1(L)⊂⋃d∈D′ lxd .
For each d ∈D′, h(d) /∈ L, so, by continuity of h, d is not in the closure of lxd ∩ h−1(L).
Hence there is a non-trivial line segment Id ⊂ lxd \ (D′ ∪ h−1(L)). Now, by an easy
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induction of length |D′|, we can select points zd ∈ Id for d ∈ D′ such that no line
meets D′ ∪ {zd : d ∈ D′} in more than two points. Add the zd ’s to D′. Let us see that
this takes care of hα . Suppose E is a 2-point set containing D′ ∪ {zd : d ∈ D′}, and
suppose g is a continuous extension to E of hα . Since this extension is unique, g is the
restriction to E of the function h above. We claim that g(E) cannot be the graph of an
injection because g(E) misses the vertical line L. For suppose y ∈ g−1(L) ∩ E. Since
g−1(L) ⊂ h−1(L) ⊂⋃d∈D′ lxd , there is d ∈D′ with y ∈ E ∩ lxd . But E ∩ lxd = {d, zd},
and d and zd are not in h−1(L), contradiction.
Finally, also at stage α, consider the line lα . Let D′′ be the set D′ together with the
points added to ruin hα . If lα meets D′′ in less than two points, add one or two points (as
necessary) on lα which are not on any line containing two points of D′′.
This completes the inductive construction. The resulting set E clearly satisfies the
desired conditions. ✷
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